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ABSTRACT
Hierarchical triples are expected to be produced by the frequent binary-mediated interactions in the
cores of globular clusters. In some of these triples, the tertiary companion can drive the inner binary
to merger following large eccentricity oscillations, as a result of the eccentric Kozai-Lidov mechanism.
In this paper, we study the dynamics and merger rates of black hole (BH) hierarchical triples, formed
via binary–binary encounters in the CMC Cluster Catalog, a suite of cluster simulations with present-
day properties representative of the Milky Way’s globular clusters. We compare the properties of the
mergers from triples to the other merger channels in dense star clusters, and show that triple systems
do not produce significant differences in terms of mass and effective spin distribution. However, they
represent an important pathway for forming eccentric mergers, which could be detected by LIGO–
Virgo/KAGRA (LVK), and future missions such as LISA and DECIGO. We derive a conservative
lower limit for the merger rate from this channel of 0.35 Gpc−3yr−1 in the local Universe and up to
∼ 9% of these events may have a detectable eccentricity at LVK design sensitivity. Additionally, we
find that triple systems could play an important role in retaining second-generation BHs, which can
later merge again in the core of the host cluster.
1. INTRODUCTION
Over the past few years, many mergers of binary
BHs (BBHs) via gravitational wave (GW) emission
have been announced by the LIGO–Virgo collabora-
tion, with an estimated local-universe merger rate of
53.2+58.5−28.8 Gpc
−3yr−1 from the O1 and O2 observing
runs (LIGO Scientific Collaboration & Virgo Collabo-
ration 2019a,b). As the number of publicly announced
events increases, most recently with the announcements
of the low-mass ratio events GW190412 (LIGO Scien-
tific Collaboration & Virgo Collaboration 2020a) and
GW190814 (The LIGO Scientific Collaboration & the
Virgo Collaboration 2020b), it becomes even more cru-
cial to understand the scenarios that lead to the forma-
tion of these binaries. There have been many proposed
formation channels, both in dense stellar environments
and in isolation. These include isolated binary stellar
miguelmartinez2025@u.northwestern.edu
evolution of two massive stars either through common-
envelope evolution (Dominik et al. 2012, 2013; Belczyn-
ski et al. 2016a,b; Spera et al. 2019) or chemically homo-
geneous evolution of close binaries (de Mink & Mandel
2016; Mandel & de Mink 2016), or dynamical assembly
in dense stellar environments including young and open
star clusters (Banerjee 2017, 2018a,b; Di Carlo et al.
2019a; Banerjee 2020; Santoliquido et al. 2020), globular
clusters (Portegies Zwart & McMillan 2000; Rodriguez
et al. 2015; Askar et al. 2017; Fragione & Kocsis 2018;
Samsing 2018; Samsing & D’Orazio 2018; Kremer et al.
2020a), galactic nuclei (O’Leary et al. 2009; Antonini &
Perets 2012; Antonini & Rasio 2016; Hamers et al. 2018;
Hoang et al. 2018; Fragione et al. 2019a; Rasskazov &
Kocsis 2019; Stephan et al. 2019), and in AGN (Stone
et al. 2017; Bartos et al. 2017; Tagawa et al. 2018; McK-
ernan et al. 2020; Tagawa et al. 2019, 2020). Another
proposed scenario involves primordial BHs merging in
the halos of galaxies (e.g., Bird et al. 2016).
In a stable hierarchical triple, the tidal effect of the
tertiary can excite periodic eccentricity oscillations of
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the inner binary, an effect known as the Kozai-Lidov
(KL) mechanism (Kozai 1962; Lidov 1962). A number
of studies have expanded on their work to demonstrate
the existence of the eccentric Kozai-Lidov (eKL) mecha-
nism and have detailed the potential importance of this
phenomenon across many domains of astrophysics (for a
review, see Naoz 2016, and references therein). In par-
ticular, binaries excited by the eKL mechanism to high
eccentricities can emit GWs more efficiently. As a re-
sult, an additional portion of parameter space for merg-
ers is enabled, as wide binaries that would not otherwise
merge in isolation are driven to merger by the presence
of the tertiary companion. This has previously been
shown to enhance the merger rate both in the field and
in dynamical environments (Kimpson et al. 2016; Sils-
bee & Tremaine 2017; Antonini et al. 2017; Rodriguez
& Antonini 2018; Grishin et al. 2018; Hoang et al. 2018;
Knight & di Stefano 2019; Stephan et al. 2019; Liu et al.
2019; Fragione & Bromberg 2019; Fragione & Kocsis
2019; Fragione et al. 2019c; Trani et al. 2019).
Due to the potential role of triples as GW sources,
the possible signatures associated with a triple origin
have been under scrutiny. Two of them are particularly
relevant. First, eKL-induced mergers may have much
higher eccentricities compared to other formation chan-
nels (Antonini & Perets 2012; Silsbee & Tremaine 2017;
Fragione et al. 2019a; Liu et al. 2019; Fragione & Kocsis
2020). In an isolated binary, GW emission circularizes
the orbit well before the binary reaches the LVK fre-
quency band. However, in a hierarchical triple system,
the eKL mechanism can potentially excite the inner bi-
nary to arbitrarily high eccentricities such that the inner
binary merges before GW emission can circularize the
orbit. Second, the spins of the BHs can be used to dis-
criminate between formation channels (Liu & Lai 2017,
2018; Antonini et al. 2018; Liu et al. 2019; Fragione &
Kocsis 2020). Specifically, from the inspiral waveform
one can extract the effective spin χeff , a weighted mea-
sure of the BH spins projected onto the angular momen-
tum vector of the binary orbit. While this quantity is
conserved for an isolated binary, it can sweep out a range
of values when the spin-orbit misalignment is changing
due to De Sitter precession in a triple system.
Globular clusters (GCs) have been shown to be ef-
ficient factories of binary and triple BHs, due to their
high central densities. Mass segregation naturally causes
the most massive objects to sink into the cluster core,
where they assemble hierarchical triple systems through
binary-single and binary-binary scatterings (Hut & Bah-
call 1983; Hut 1983; Mikkola 1983; Sigurdsson & Phin-
ney 1993; Rasio et al. 1995; Fregeau et al. 2004; Ivanova
et al. 2008; Ivanova 2008; Antognini & Thompson 2016;
Zevin et al. 2019). While the high density of the clus-
ter core has the effect of rapidly breaking up triples via
later dynamical encounters, the formation of BH triples
in these environments could still enhance the merger rate
of BBHs within GCs (Antonini et al. 2016).
The role of triples in GCs was previously investigated
by Antonini et al. (2016), who showed that triple dy-
namics enhances the creation of BBH mergers, as well
as blue stragglers (through mergers of main-sequence
stars). In this study, we will focus solely on the mergers
produced by systems composed entirely of BHs. Com-
pared to Antonini et al. (2016), we use a larger number
of GC models, which span a wider range of initial con-
ditions, produced by the CMC code, described in detail
by Kremer et al. (2020a). This set of cluster models is
of particular interest because it covers the full parame-
ter space of GCs in the Milky Way, so that the triples
produced in these simulations are a good representa-
tion of the triples dynamically produced in the entire
Milky Way GC system (Weatherford et al. 2019). Fur-
thermore, this study also incorporates updated physical
prescriptions not present in the study by Antonini et al.
(2016). Specifically, we include updated treatments of
post-Newtonian dynamics, which significantly impacts
the outcome of both chaotic resonant fewbody encoun-
ters (Rodriguez et al. 2018; Zevin et al. 2019) and single-
single encounters (Samsing et al. 2020). As a result, we
are able to make direct and self-consistent comparisons
between the properties of triple-induced BBH mergers
versus other dynamical merger channels. This has im-
plications mainly for the production of mergers with
high eccentricities. Additionally, we examine how triples
can lead to an increased number of retained second-
generation BHs in their host cluster. A larger discussion
of the full population of triples can be found in the com-
panion paper by Fragione et al. (2020b, hereafter Paper
I).
The paper is organized as follows. In §2, we review the
secular approximation for hierarchical triples and the
relevant modifications that arise from considering rela-
tivistic effects and the possible breakdown of the secular
approximation. We describe our methods and our sam-
ple of triples in §3, while in §4 we present our results.
Finally, we summarize our conclusions and discuss the
implications of our findings in §5.
2. DYNAMICS OF HIERARCHICAL TRIPLES
We consider a hierarchical triple composed of an inner
binary of BHs with masses m0 and m1 and an outer ter-
tiary BH with mass m2. We define mbin = m0 +m1 and
mtrip = mbin + m2. We refer to the Keplerian orbital
elements [a, e, i, ω,Ω] with subscripts “in” and “out” to
refer to the inner and outer binary, respectively, and we
define I as their initial mutual inclination. To describe
the dynamics of the inner binary, we employ the di-
mensionless angular momentum vector and eccentricity
vector of the inner orbit, j =
√
1− e2in jˆ and e = ein eˆ,
respectively. We also assume that the BHs are born
with an initial spin Si = χi(Gm
2
i /c) Sˆi where χi is the
dimensionless Kerr spin parameter (i = 0, 1, 2).
2.1. Kozai-Lidov Mechanism
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In this study, we consider triple systems that satisfy
the stability condition of Mardling & Aarseth (2001):
aout
ain
>
3.3
1− eout
[
2
3
(
1 +
m2
mbin
)
1 + eout
(1− eout)1/2
]2/5
(1−0.3I/pi) .
(1)
If this stability criterion is satisfied, a system is long
lived, and thus the Hamiltonian of the system can be de-
scribed as two separate orbits with a perturbative inter-
action term (Kozai 1962; Lidov 1962). Assuming a cir-
cular outer orbit, one may find the following conserved
quantity involving eccentricity, mutual inclination, and
argument of pericenter (Antognini 2015):
CKL = e
2
in
(
1− 5
2
sin2 I sin2 ωin
)
. (2)
This conserved quantity has an explicit dependency on
the inner eccentricity, inner argument of pericenter, and
mutual inclination. As a result, the outer binary in-
duces inclination and eccentricity oscillations as well as
pericenter precession. This occurs on a timescale
TKL ≈ 8
15pi
mbin
m2
P 2out
Pin
(1− e2out)3/2 , (3)
where Pin and Pout are the orbital periods of the inner
and outer orbits, respectively. This process is known
as the KL mechanism.1 In this level of approxima-
tion (the quadrupole approximation) the KL oscillations
can only occur within a mutual inclination window of
roughly 40◦–140◦. Allowing for an eccentric outer or-
bit necessitates an octupole-level approximation. The
strength of the octupole-level interaction with respect
to the quadrupole interaction can be quantified by
 =
m0 −m1
m0 +m1
ain
aout
eout
1− e2out
, (4)
(e.g., Naoz et al. 2013a). The inclusion of the octupole
terms in the equations of motion allows for much more
complex dynamical evolution, such as orbit flips, oscilla-
tions from nearly coplanar orbits, and chaotic behavior
(Naoz et al. 2011; Katz et al. 2011; Lithwick & Naoz
2011; Naoz et al. 2013a; Li et al. 2014). As this behav-
ior is qualitatively different from the effects presented by
Kozai and Lidov, we refer to this as the eKL mechanism.
The full octupole equations of motion can be found in
Naoz et al. (2013a).
2.2. Post-Newtonian Effects
At 1PN order, relativistic precession will be induced
on the inner binary, which happens on a timescale
1 Note that the double averaged Hamiltonian was presented before
Kozai-Lidov, (e.g., Ito & Ohtsuka 2019).
(Eggleton & Kiseleva-Eggleton 2001; Naoz et al. 2013b;
Liu et al. 2015; Rodriguez & Antonini 2018)
TGR = (dωin/dt )
−1 = Pin
c2ain(1− e2in)
Gmbin
. (5)
This precession can quench the eKL oscillations. If
TGR ∼ TKL, then the maximum eccentricity attainable
by the inner orbit is limited. If TGR  TKL, then the
KL mechanism is completely suppressed and inner bi-
nary eccentricity is unaffected by the tertiary.
At 1.5 PN order, each of the spin vectors S0 and S1 of
the inner binary precess due to torques from the inner
binary. Thus, it is necessary to include the spin orbit
interaction terms (Apostolatos et al. 1994)
dS0
dt
=
2Gµν
c2ainj3
(
1 +
3m1
4m0
j× S0
)
, (6)
where µ is the reduced mass, ν is the Keplerian orbital
frequency, and j = |j|, replacing indices 0 7→ 1 for the
other BH. For a fixed binary, this describes uniform pre-
cession around the binary angular momentum vector. In
the presence of the KL oscillation, the binary angular
momentum will itself precess, thus allowing for a much
more interesting behavior. This can be quantified by the
evolution of the binary effective spin parameter
χeff =
m0χ0 cos θ0 +m1χ1 cos θ1
mbin
, (7)
where cos θi = Sˆi · jˆ. Though this quantity is conserved
for an isolated binary, it evolves over a KL cycle due
to the change in the direction of angular momentum.
Note that the spin-orbit coupling introduces additional
precession on the inner binary, but this depends on the
in-plane spin components. Since χeff only contains infor-
mation about the spin components perpendicular to the
orbital plane, another quantity must be defined with in-
formation about the in-plane spin components, known as
the effective precession parameter (Schmidt et al. 2015)
χp = max {|χ0 sin θ0|, κ|χ1 sin θ1|} , (8)
where κ = q(4q + 3)/(4 + 3q) and 0 < q ≤ 1 is the
mass ratio of the binary. We note that we ignore the
backreaction terms, since the binary angular momen-
tum L  S during a KL oscillation (e.g., Rodriguez &
Antonini 2018).
In this study we neglect the 2 PN order effects. In-
cluding or discarding these terms in the secular equa-
tions of motion do not greatly change the dynamics of
the system (Naoz et al. 2013b).
Finally, at the 2.5 PN order, the inner binary experi-
ences GW radiation reaction, which is described by the
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following equations (Peters 1964):
de
dt
∣∣∣∣
GW
= −304
15
G3m0m1mbin
c5a4inj
5
(
1 +
121
304
e2in
)
e (9)
dain
dt
∣∣∣∣
GW
= −64
5
G3m0m1mbin
c5a3inj
7
(
1 +
73
24
e2in +
37
96
e4in
)
.
(10)
For an isolated binary, these describe a gradual inspiral
through the emission of gravitational radiation. The life-
time of such systems until coalescence can be converted
to the following integral:
TGW =
12
19
c40
β
∫ e0
0
e29/19[1 + (121/304)e2]1181/2299
(1− e2)3/2 de ,
(11)
where e0 is the initial eccentricity of the binary and the
constants in the prefactor are defined as
c0 ≡ a0e−12/190 (1− e20)
[
1 +
121
304
e20
]−870/2299
and
β ≡ 64
5
G3m0m1mbin
c5
.
For a typical quasi-circular binary composed of two
30 M BHs to merge within tHubble, the separation must
be within ∼ 0.22 au. However, at extremely high ec-
centricities, the efficiency of GW radiation is greatly
increased, and the merger time greatly reduced. In
the case of the example system, for a0 = 0.22 au and
e0 = 0.99, the time to merger decreases from tHubble
to ∼ 2.3 × 104 yr. For an even more extreme eccentric-
ity of e0 = 0.999, the merger time decreases to just 8 yr.
While eccentricities this high are usually inaccessible for
an isolated compact binary due to circularization during
common envelope evolution, the KL mechanism may be
able to drive binaries to such eccentricities, depending
on the initial conditions.
3. METHODS
3.1. CMC
We make use of the GC models produced using the
Cluster Monte Carlo code. The CMC code is a He´non-
type Monte Carlo code (He´non 1971, 1975) to treat the
long term evolution of GCs (Joshi et al. 2000, 2001;
Fregeau et al. 2003; Fregeau & Rasio 2007; Chatterjee
et al. 2010; Umbreit et al. 2012; Pattabiraman et al.
2013; Morscher et al. 2015; Rodriguez et al. 2016, 2018;
Kremer et al. 2020a). This includes detailed treat-
ments of stellar evolution via SSE and BSE (Hurley et al.
2000, 2002; Chatterjee et al. 2010) with updated pre-
scriptions for compact object formation, two-body re-
laxation (Joshi et al. 2000), single-single capture (Sams-
ing et al. 2020), three-body binary formation (Morscher
et al. 2013), direct stellar collisions (Fregeau & Rasio
2007), galactic tides (Chatterjee et al. 2010; Pattabira-
man et al. 2013), and the direct integration of strong 3-
and 4-body encounters (Fregeau & Rasio 2007). Note
that in these cluster models, all BHs are assumed to
form with no natal spin (Fuller & Ma 2019). Full de-
tails for all the prescriptions used for these CMC models
can be found in Kremer et al. (2020a).
In Kremer et al. (2020a), 148 cluster simulations 2
were produced, varying the total number of particles
(single stars plus binaries; N = 2×105, 4×105, 8×105,
1.6 × 106, and 3.2 × 106), initial cluster virial radius
(rv/pc = 0.5, 1, 2, 4), metallicity (Z/Z = 0.01, 0.1, 1),
and galactocentric distance (Rgc/kpc = 2, 8, 20). All
cluster models initially assume a King potential with
King parameter W0 = 5 (King 1962) and a primordial
binary fraction of 5%. Three of the clusters in the cat-
alog do not form any triples composed entirely of BHs
due to collisional runaway before the end of the main
sequence lifetime of the most massive stars.
Primordial triples are not included in our models.
However, stable hierarchical triples can be formed as the
result of strong binary-binary encounters (Rasio et al.
1995). Current limitations of CMC require that triples
are broken up into a binary and a single at the end of
each integration timestep. Nevertheless, CMC outputs in-
formation on the triple, including masses, stellar types,
radii, inner and outer semimajor axes and eccentricity,
as well as the formation time and properties of the clus-
ter core at formation time. Since we lack information
about the mutual orientation of the two orbits, we com-
pensate by creating 10 different realizations with differ-
ent mutual orientations (Antonini et al. 2016). In prin-
ciple, these triple components can be a part of many
different triples due to this limitation over the lifetime
of the cluster during the simulation.
3.2. Triples in Clusters
In our models, we only consider triples produced from
binary-binary encounters in the cluster core. We find
that the distribution of inner and outer eccentricity for
the triples produced by CMC are approximately ther-
mal. Binary-binary encounters can be resonant or non-
resonant. In non-resonant encounters, the tighter binary
will exchange into the wider binary, with the replaced
object kicked out. We find that non-resonant exchange
is typical for the BH triples we form in our models.
When this happens, according to energy conservation,
the newly-formed system will have an outer semimajor
axis
aout ' awidembin
mesc
, (12)
where awide is the semimajor axis of the wider binary
and mesc is the mass of the ejected single (Sigurdsson &
2 The cluster simulations are available for download at https://
cmc.ciera.northwestern.edu/home/
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Phinney 1993). For more details, and to see the accuracy
of this relation for a wider variety of triple archetypes,
see the bottom panel of Fig. 1 and the associated text
of Paper I. Since the new semimajor axis depends on
this mass ratio, the new orbit can become much wider
if the single is, for example, a low-mass star. As a re-
sult, even if binaries in the cluster core are very com-
pact, the triple orbits can be very wide. In some cases,
the binary-binary interaction can be much more com-
plicated, involving resonant interactions (Zevin et al.
2019). In those cases, it is not straightforward to make
such predictions for the endstate of individual systems.
For details, see Paper I.
When the single is ejected, the triple will also be im-
parted a recoil velocity vrec. If vrec > vesc, the escape
speed from the cluster, the triple will be completely
ejected from the cluster. If on the other hand vrec < vesc,
the triple’s cluster-centric radial orbit will have a new
apocenter
rapo ≈ rc
√
v4esc
(v2esc − v2rec)2
− 1 , (13)
where rc is the core radius of the cluster. Here, we
assume that the encounter occurs at the center of the
cluster. This is a reasonable assumption because the
potential is approximately constant in the cluster core
where these BH triples are formed (Sigurdsson & Hern-
quist 1993). While this formula assumes a Plummer po-
tential for the cluster, it is still valid across a wide range
of values of W0 for the King models that our clusters
assume (Antonini et al. 2019).
In the dense environment of a GC, triples may be per-
turbed through stellar encounters. To account for this,
we calculate for each triple the typical encounter time
within the cluster core (Ivanova et al. 2008)
Tenc ≈8.5× 1012 yrP−4/3out M−2/3tri σ−110 n−15
×
[
1 + 913
Mtri + 〈M〉
2P
2/3
out M
1/3
tri σ
2
10
]
,
(14)
where Pout is the outer binary period in days, mtrip is
the total mass of the triple in M, σ10 is the central
velocity dispersion of the cluster in units of 10 km s−1,
〈M〉 is the average mass of an object in the cluster in
M, and n5 is the number density of objects in units of
105 pc−3. In order to account for the recoil of triples
into orbits that may extend outside the core, we can
replace the quantities in Eq. 14 describing the cluster
with their local versions, which are monotonically de-
clining functions of r (King 1962). Then we can average
as follows in order to account for the triple’s total orbit:
〈Tenc〉 =
∫ rapo
0
r2Tenc(r)dr . (15)
In reality, this approach does not take into account fur-
ther evolution of the orbit due to dynamical friction,
though it is sufficient since mergers due to eKL will typ-
ically happen before significant evolution can take place.
For a triple that is completely ejected from the cluster,
we treat the encounter time as infinite.
3.3. The Triple Sample
We create 10 different realizations of the orbital ori-
entations, sampling the mutual inclination from an
isotropic distribution, i.e., uniform in cos I between 0
and 1 and the other two Euler angles uniformly between
0 and 2pi. Finally, we sample the recoil velocities of each
triple 10 times. The procedure for this is described in
detail in Paper I. Thus, we create for each triple a total
of 100 different realizations.
Of the triples in the cluster catalog, 63, 508 are com-
posed of three BHs. A small number of the triples
are only stable at certain eccentricities, so after resam-
pling each triple 100 times, we once again evaluate their
stability using Eq. 1, finding a total sample size of
6, 090, 030. Those that remain stable are integrated
forward in time numerically using the publicly avail-
able secular code Kozai3 (Rodriguez & Antonini 2018;
Antonini et al. 2018) until either the integration time
reaches min(tHubble − tformation, 1000TKL, 〈Tenc〉) or the
triple reached the LVK frequency band fGW = 10 Hz,
producing a merger at time Tmerger. We also keep track
of the eccentricity of the inner binary when the peak fre-
quency passes through the values 0.01 Hz, 1 Hz, and 10,
characteristic frequencies for the LISA, DECIGO, and
LVK detectors, respectively. We calculate the frequency
as the highest harmonic produced by the inner binary
as defined by Wen (2003):
fGW =
√
Gmbin
pi
(1 + ein)
1.1954
[ain(1− e2in)]1.5
. (16)
4. RESULTS
From the secular integrations, we find that 86, 029
(1.4%) of the systems merge before 〈Tenc〉. In Figure
1, we compare TGW to Tmerger for all the merging sys-
tems and find the emergence of two distinct populations.
In 55, 246 of the mergers, or 64%, TGW ≈ Tmerger and
the evolution is completely dominated by GW radiation
from the outset, such that the presence of the tertiary
has a negligible effect (hereafter non-KL mergers). On
the other hand, 30, 783 (36%) of the total mergers are
eKL assisted, wherein the GW emission only happens af-
ter the eccentricity of the inner binary is excited to very
large values due to the presence of the tertiary (hereafter
KL mergers).
We can obtain upper and lower bounds on the num-
ber of mergers by considering the most pessimistic and
3 We use the C++ version of this code available at
https://github.com/carlrodriguez/kozai/tree/master/. We also
tested a subpopulation of the sample using the secular code OSPE
(Naoz et al. 2013a).
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Figure 1. Merger time versus GW inspiral time (Eq. 11)
if the inner binary were isolated for merging triples. Two
populations clearly emerge from this comparison. Where
Tmerger ≈ TGW (N = 55, 246), the tertiary does not influence
the motion of the inner binary. These non-KL mergers are
shown in red. KL mergers where the tertiary does impact
the merger time such that Tmerger 6≈ TGW (N = 30, 783) are
shown in black.
Table 1. Average number of mergers sorted by cluster Z, N ,
and rv. We divide the number of mergers from clusters with
a given property by the number of clusters with the given
property Nsim. Three cluster simulations with rv = 0.5 pc,
Z = 0.01 Z, and N = 1.6× 106 but different rg were halted
due to collisional runaway and produced no triples, and thus
are not included in the total Nsim. Note that these mergers
are from a resampled population, so to get the true number
of mergers from a given cluster, the number of mergers has
been divided by 100.
N (105) Nsims 〈NKL〉 〈Nnon−KL〉
2 36 0.50 0.73
4 36 1.35 2.24
8 36 2.33 4.63
16 33 4.14 7.22
32 4 5.16 10.16
rv (pc) Nsims 〈NKL〉 〈Nnon−KL〉
0.5 33 2.16 5.76
1 38 2.73 4.53
2 38 2.22 3.63
4 36 1.35 1.45
Z (Z) Nsims 〈NKL〉 〈Nnon−KL〉
0.01 47 2.23 3.44
0.1 50 2.24 3.76
1 48 1.90 4.22
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Figure 2. Cumulative distribution functions (CDFs) of ini-
tial orbital properties of merging triples. Top: inner binary
semimajor axis. Center Top: outer binary semimajor axis.
Center Bottom: ratio of outer binary pericenter to inner bi-
nary semimajor axis. Bottom: ratio of TKL to TGR. KL
mergers are shown in blue and Non-KL systems are shown
in orange. The full initial conditions are shown in black.
Black Hole Mergers in Triples in Clusters 7
0 30 60 90 120 150 180
Mutual Inclination I (deg)
0.00
0.01
0.02
0.03
0.04
PD
F
KL Mergers
Non-KL Mergers
All Initial
Figure 3. Initial inclination of merging triples. KL mergers
are shown in blue. Non-KL systems are shown in orange.
The full initial conditions are shown in black. While the
non-KL systems show no preference to orientation, the KL
systems show a clear preference for nearly-coplanar orienta-
tions.
optimistic recoil velocities. By doing so, we find that
the number of non-KL mergers can be as low as 26620
and as high as 205300. On the other hand, the num-
ber of KL mergers remains essentially the same, with
lower and upper bounds of 30520 and 32280, respec-
tively. The number of KL mergers does not change very
much since eKL-induced mergers typically happen on
very short timescales . 105 yr, so that the survival of
the triple prior to merger is not very sensitive to changes
in the encounter time. On the other hand, the merger
time due solely to GW radiation is extremely sensitive to
the initial inner semimajor axis, so the number of non-
KL mergers is extremely sensitive to different values of
〈Tenc〉.
The differences between these two populations are
clear from Figure 2. The non-KL triples in general
have much more compact inner orbits and larger outer
orbits; the top panel shows that ∼ 50% of the non-
KL systems have ain . 0.1 au, whereas this is true for
only ∼ 3% of the KL induced merging systems. On
the other hand, ∼ 50% of the non-KL systems have
aout & 100 au, while this is only true for ∼ 15% of the
KL systems. As a result, ∼ 50% of the KL systems
have a ratio of less than ∼ 10 between the outer orbit
pericenter and the inner orbit semimajor axis and all of
them have a ratio of less than ∼ 30 between these two
distances. On the other hand, ∼ 40% of the non-KL
systems have ratios above ∼ 100 and ∼ 20 have ra-
tios above ∼ 1000. Since TKL ∝ a3out/a3/2in , the non-KL
systems have extremely large KL timescales compared
to the 1PN precession timescale and so the KL oscilla-
tion is suppressed. We can see that these ratio distribu-
tions manifest themselves in the final panel comparing
TKL and TGR. While the initial sample spans values of
TKL/TGR from ∼ 10−6 to ∼ 106, all of the KL merging
systems have TKL/TGR . 1 while the opposite is true
for all but ∼ 2% of the non-KL merging systems.
Figure 3 reinforces this interpretation, where we show
the initial mutual inclination of the triple systems that
lead to a merger in the inner binary. The initial mu-
tual inclination of the non-KL systems are oriented
isotropically, while the KL systems have initial mu-
tual inclinations peaked near 100◦. The eKL mech-
anism causes larger eccentricity excitations in the in-
ner binary for more highly-inclined systems, so natu-
rally the majority of the merging systems will be ini-
tially near-perpendicular (e.g. Naoz 2016). This peak
does not occur at 90◦ because of symmetry breaking in
the quadrupole order expansion when relaxing the test-
particle approximation (e.g. Eq. 63 of Liu et al. 2015).
On the other hand, since the evolution of the non-KL
systems is completely dominated by GW emission, the
initial relative inclination of the inner and outer orbit is
irrelevant, thus leading to an isotropic distribution.
In Table 1, we consider the dependence of the merger
number on the cluster properties, namely Z, initial rv,
and initial N . We divide the total number of mergers
that took place in a cluster with a given property in or-
der to compute an average merger number. As Paper I
showed, larger initial N , smaller initial rv, and lower Z
promote the efficient creation of triples due to promot-
ing higher stellar densities and increasing the number
of encounters. This is reflected in the average merger
numbers that we obtain. However, note that if stellar
densities become too high, such as in the rv = 0.5 pc
case, these higher stellar densities cause triples to be re-
processed (or even disrupted) by other cluster members
before they are able to produce mergers.
4.1. Eccentricity
In Figure 4, we show the eccentricity spectrum pro-
duced by different populations of merging binaries at
a range of frequencies representing the peak frequen-
cies of LVK (10 Hz), DECIGO (1 Hz), and LISA (0.01
Hz). In addition to the KL mergers and non-KL mergers
from this study, we also show the binary mergers from
the same cluster models, subdivided into four different
categories (e.g. Samsing & D’Orazio 2018; Zevin et al.
2019; Kremer et al. 2020a). The ejected mergers are
mergers of binaries ejected from the cluster (Portegies
Zwart & McMillan 2000). In-cluster mergers are defined
as mergers of binaries formed by dynamical encounters
that occur within the cluster (Rodriguez et al. 2018).
Few-body captures are the mergers that occur during a
resonant 3- or 4-body encounter (Samsing et al. 2014;
Zevin et al. 2019). Finally, single-single captures oc-
cur when two BHs on initially hyperbolic orbits come
sufficiently close for GW radiation to create a binary
(Samsing et al. 2020). We also include a population of
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Figure 4. Eccentricity of merging binaries by triple and binary evolution at various frequencies. Displayed are the eccentricity
at 10 Hz (top left), 1 Hz (top right), and 0.01 Hz (bottom). In the case of 0.01 Hz, since the eccentricity oscillates due to
the KL mechanism, the peak frequency can pass through this value many times over the course of its evolution. When this
happens, only the eccentricity at the final passage through this value is shown. In addition to the KL mergers (solid black) and
non-KL mergers (dashed black), also included are the few-body capture (solid orange), single-single capture (dashed orange),
ejected (solid blue), and in-cluster (dashed blue) binary mergers from Kremer et al. (2020a), along with results from Kremer
et al. (2019) which show eccentricities for field binaries (solid pink). As the few-body capture and single-single capture mergers
form at frequencies above 0.01 Hz, they are not included in the bottom panel.
field binaries from Kremer et al. (2019) which in turn
were computed using COSMIC (Breivik et al. 2019).
Note that the capture merger channels form binaries
with initially high frequency. In order to compute the
formation frequency for each binary, we follow the pro-
cedure outlined in detail in Zevin et al. (2019). In short,
we use Eq. 16 and〈
dain
dein
〉
=
12
19
ain
ein
[1 + (73/24)e2in + (37/96)e
4
in]
(1− e2in)[1 + (121/304)e2in]
, (17)
which is found from the coupled Eqs. 9–10 in Peters
(1964). These equations are not differentiable at a given
frequency, fGW, when they form above that frequency,
as e(fGW) > 1. Therefore, we compute the pericenter
distance Rp at a reference formation eccentricity 1−e =
10−3 and compare this to the semimajor axis acirc of
the binary if it were on a circular orbit with frequency
forb = fGW/2. If Rp[fGW] < acirc[forb], then the binary
formed above fGW . As a result, the LISA panel of this
figure does not show the lines representing the latter
two of these four categories as these mergers form with
initial frequencies above 0.01 Hz. Similarly, we exclude
mergers which form above 1 Hz in the DECIGO panel.
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However, in the LVK panel, we assign mergers which
form above 10 Hz ein = 0.999.
The top left panel shows that the KL mechanism
produces much more eccentric mergers in the LVK fre-
quency band compared to in-cluster and ejected merg-
ers, but also shows that the KL mergers are in general
less eccentric than the few-body and single-single cap-
tures. All of the non-capture binary-mediated mergers
have eccentricity less than ∼ 10−3. The non-KL triple
merger eccentricity distribution reflects the fact that it
is a subset of the standard ejected and in-cluster binary
merger channels. On the other hand, ∼ 30% of the KL
mergers have eccentricity above 10−2 and a few percent
are in excess of ∼ 0.1. This is consistent with previ-
ous results from Antonini et al. (2016). However, when
compared to the few-body and GW capture scenarios,
it is clear that the contribution of eccentric sources by
KL mergers will be subdominant. In particular, almost
∼ 20% of the few-body mergers produced during reso-
nant interactions were formed over ∼ 10 Hz.
When using a secular code to evaluate KL-driven evo-
lution, there are many cases for which the secular equa-
tions of motion cannot accurately reproduce the evo-
lution of the system during the peaks of the KL os-
cillation. In addition to producing more mergers with
shorter merger times, direct N -body integration pro-
duces a much higher peak in the eccentricity spectrum
than when using a secular code (Antonini et al. 2016;
Grishin et al. 2018; Fragione et al. 2019b). This is be-
cause the inner binary angular momentum can become
arbitrarily small during the peak of the KL oscillation,
such that GW emission only begins to dominate the evo-
lution once the inner binary frequency is near or within
the LVK frequency band. Note that this would only af-
fect the shape of the solid black curve showing the KL
merging systems because the other populations do not
experience the high eccentricity oscillations that would
allow this to happen. We discuss this further in §4.6.
From the bottom panel, it is clear that all the KL
mergers have high eccentricities at fGW ∼ 0.01 Hz.
More than ∼ 80% of these binaries have eccentricities
in excess of ∼ 0.9. Remarkably, however, KL merg-
ers will potentially enter and leave the LISA sensitivity
range many times before merger, whereas all the other
merger channels will evolve with monotonically increas-
ing frequency. Randall & Xianyu (2019), Hoang et al.
(2019), and Emami & Loeb (2020) have shown that it
is possible for LISA to directly detect the eccentricity
oscillations of hierarchical triples, whether the tertiary
is a third stellar-mass body or an SMBH.4 This is only
possible when they are close to the peak of the eccen-
tricity oscillation, when the rapid change in eccentricity
results in a rapid change in the emitted peak harmonic
4 Deme et al. (2020) has also investigated this in the context of a
stellar-mass BH orbiting an IMBH perturbed by an SMBH.
frequency. Both works find that the typical timescale for
changes in the characteristic strain will happen over the
timescale of O(102) days. Emami & Loeb (2020) showed
that these methods can detect BH triples with stellar-
mass components as far away as M87. While there could
in principle be many Galactic triples undergoing KL os-
cillation, the population of triples detectable in this way
will be dominated by triples in the Galactic field. We
note that while the bottom panels show that ∼ 20% of
non-KL triples have ein > 0.99, these sources will not
show the same increase and subsequent decrease in ec-
centricity since the evolution is dominated by GW emis-
sion.
In order to have a better estimate for the number
of eccentric sources and track their evolution prior to
merger, it is necessary to probe the sub-Hz frequen-
cies between the frequency ranges of LVK and LISA
with future decihertz range detectors such as DECIGO
(Kawamura et al. 2011). We find that ∼ 20% of the
KL-driven mergers will have ein > 0.1 in the DECIGO
band, comparable to the fraction of few-body captures
and single-single captures that have ein > 0.1. More-
over, since some sources will form within the DECIGO
frequency range, it will be possible to further distin-
guish the nature of different sources. However, as the
absolute number of few-body capture and single-single
capture mergers from a given cluster is higher than the
number of KL mergers, we expect that the contribution
of the KL mergers to the eccentric merger rate will be
subdominant. We once again reiterate that the secular
code underestimates the peak of the eccentricity spec-
trum, and thus we expect that a significant fraction of
the KL-driven mergers will have high eccentricity in the
DECIGO band.
These results are of particular interest in light of
the recent detection of GW190521, which has compo-
nent masses consistent with a dynamical origin (The
LIGO Scientific Collaboration & the Virgo Collabora-
tion 2020a; LIGO Scientific Collaboration & Virgo Col-
laboration 2020b). Romero-Shaw et al. (2020) have ar-
gued that the waveform could be consistent with a mod-
erately eccentric binary at 10 Hz, depending on the pri-
ors used. This detection emphasizes the necessity of
quantifying the contributions of the various dynamical
channels to the population of eccentric merger events.
4.2. Masses
In Figure 5, we compare the total masses, chirp
masses, and mass ratios of the merging binaries through
both triple and binary channels, where the chirp mass
is defined as
mchirp ≡ (m0m1)
3/5
(m0 +m1)1/5
. (18)
In the top panels, we compare the combined (KL and
non-KL) triple sample to the binary mergers from Kre-
mer et al. (2020a). We find a peak chirp mass of
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Figure 5. Distributions of total binary mass (left), chirp mass (middle), and mass ratios (right) of merging binaries. In the
top row, the combined triple population (solid black) and the binary merger population (dash-dotted orange) from the cluster
models of Kremer et al. (2020a) are compared. In the bottom row, the KL mergers (dashed blue), the non-KL mergers (dotted
orange), and the combined triple population (solid black) are compared. The slight differences in the distributions underscore
that triple evolution has at most a second-order effect on mass.
∼ 17 M and a peak total mass of ∼ 40 M for the triple
mergers. To first order, the mass and mass ratio spec-
trum between binaries and triples are similar. Only one
difference stands out: compared to the binary mergers,
mergers in triples show a diminution of low-mass merg-
ers with mbin < 25 M by approximately 40%. This
could happen because low-mass binaries are less likely
to take part in the binary-binary interactions necessary
to produce the triples in our models. In the bottom
panels, we compare the KL and non-KL systems to each
other and the combined triple sample. Once again, we
find minimal differences between these two distributions.
This shows the influence of a tertiary companion has
a minimal effect on the properties of merging binaries,
whereas these properties are determined primarily by
the far more frequent binary-mediated dynamical inter-
actions within the cluster core.
We find that our models produce heavier BH merg-
ers when compared to Antonini et al. (2016), who did
not produce any BH mergers with total masses above
∼ 50 M, though they find similar peak total and chirp
masses. This is most likely due to the wider parame-
ter space for the initial conditions of our GC models.
The difference is even more stark when compared to the
study of field triples from Antonini et al. (2017), who
were only able to produce binaries in the mass range
13 M–20 M, emphasizing the key role of mass seg-
regation in producing low-mass mergers. However, Ro-
driguez & Antonini (2018) were able to produce binaries
in field triples with a total mass spectrum similar to the
one presented here. The difference between this study
and earlier studies arises due to a higher limit on the
maximum stellar mass in their models.
In Figure 6, we present the component masses and
the total mass versus mass ratio for KL mergers, non-
KL mergers, and binaries from Kremer et al. (2020a)
colored by metallicity. For comparison, we also present
the properties of the confirmed BBH detections from
GWTC-1 and the recent announcement of the detection
of GW190412, the first binary BH system with asym-
metric masses at high confidence (LIGO Scientific Col-
laboration & Virgo Collaboration 2019a,b, 2020a)5. We
find that the three different populations present min-
imal differences, as expected from the previous discus-
5 We do not include GW190814 (The LIGO Scientific Collabora-
tion & the Virgo Collaboration 2020b) in this comparison because
current simulations predict such mergers do not occur at any ap-
preciable rate in GCs (Kremer et al. 2020a; Ye et al. 2020).
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Figure 6. Masses and mass ratios of merging binaries colored by metallicity. (Top) Masses of the binary components from
this study and Kremer et al. (2020a). The dotted light blue line represents the ratio 1:1. (Bottom) Total binary mass versus
the mass ratio. The streaks present in the figures are due to the excess of BHs with mass 40.5 M, since this is the lower
boundary of the (pulsational) pair instability mass gap used in our simulations, and BHs in our simulations typically cannot
form at higher masses without direct stellar or BH collisions. Also included are the mergers from the GWTC-1 catalog from
O1 and O2 (LIGO Scientific Collaboration & Virgo Collaboration 2019a,b), as well as the detection of GW190412 during O3
(LIGO Scientific Collaboration & Virgo Collaboration 2020a). Comparison of the three panels shows minimal differences, again
demonstrating that triple evolution has a minimal effect on the mass spectrum.
sion. Moreover, we find that the BBH mergers that have
been announced so far are consistent with production in
a GC, with all the GWTC-1 events that lie within dense
regions of both diagrams. On the other hand, GCs are
not as efficient at producing events in the mass/mass
ratio range as low as that of GW190412 due to the ef-
ficiency of mass segregation. More importantly, we find
that merger via a hierarchical triple does not increase
the percentage of similar events relative to the binary
channel.
However, recent works by Rodriguez et al. (2020) and
Gerosa et al. (2020) have shown that the relative frac-
tion of low-mass ratio merger events can be enhanced by
second- and third-generation mergers in dynamical envi-
ronments, producing GW190412-like events as a result.
Due to the efficiency of mass segregation, the remnant of
a previous merger is expected to be twice as massive as
Table 2. χ distributions for different models. All models
sample spin vector orientations isotropically.
Model χ
A Uniform in [0, 1)
B Uniform in [0, 0.5)
C Uniform in [0, 0.2)
D Eq. 19
the first generation BHs in the cluster (see also Samsing
& Hotokezaka 2020). In §4.5, we show how triples may
contribute to increase the number of second generation
mergers.
4.3. Spins
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Figure 7. Comparison of χeff (top) and χp (bottom) dis-
tributions for different spin models from Table 2. All dis-
tributions are normalized such that their peak has mag-
nitude 1. Also shown is the 90% probability region for
GW190412 (LIGO Scientific Collaboration & Virgo Collab-
oration 2020a) for both quantities.
As the initial distribution of BH spins is unknown, we
adopt 4 different models of spin magnitude to bracket
uncertainties. The different models are summarized in
Table 2. For each model, we sample the spin of both
inner binary components 10 times each, sampling the
orientations isotropically. Models A, B, and C set the
natal χ from a uniform distribution between 0 and 1, 0.5,
and 0.2 respectively. Model D sets the birth spins using
the following function which reflects work by Belczynski
et al. (2017) set by the BH mass:
χ =
p1 − p2
2
tanh
(
p3 − m
M
)
+
p1 + p2
2
(19)
The quantities in the previous formula have values p1 =
0.86± 0.06, p2 = 0.13± 0.13, and p3 = 29.5± 8.5. Fol-
lowing Gerosa et al. (2018), we sample values in between
the lower and upper limits of the parameters for a BH
of a given mass m. This last model has the advantage
of assigning lower spins to more massive BHs and vice
versa.
We compare the χeff distributions from different mod-
els in the top panel of Figure 7. All models peak around
χeff ≈ 0, which is to be expected from an isotropic distri-
bution of spin-orbit misalignment angles. This is consis-
tent with the announced detections from O1/O2, which
were all consistent with having near zero effective spin.
In the absence of GW190412, a model for natal spin such
as B or C would be favored if all the events were gener-
ated by dynamically-assembled binaries. However, it is
extremely unlikely for models B and C to produce a χeff
consistent with that of GW190412. Additionally, as the
detection of GW190412 allowed for a well-constrained
measurement of χp, we compare these distributions for
different spin models in the bottom panel. Models A
and B are strongly favored as they peak within the 90%
probability region, while model C is once again strongly
disfavored. As such, if we assume that both components
of GW190412 are 1G BHs, then a model that allows for
higher natal spin is necessary.
We find no significant difference between the initial
and final χeff spin distributions across any of our mod-
els, as shown in Figure 8. This is in agreement with pre-
vious findings from Rodriguez & Antonini (2018) and
Fragione et al. (2019c). The spin vectors in the inner
binary evolve in response to two different torques. On
the one hand, they are precessing around the inner bi-
nary angular momentum according to the relativistic
spin-orbit coupling (Eq. 6). On the other hand, the
KL mechanism causes the precession of the inner orbit
angular momentum around the outer orbit angular mo-
mentum. If the rate of precession from the relativistic
spin-orbit coupling is faster than the rate of precession
due to KL, then χeff evolution is completely suppressed
(Storch et al. 2014; Storch & Lai 2015; Liu & Lai 2017,
2018; Antonini et al. 2018). The individual triple sys-
tems span the full space of allowed values of initial ver-
sus final χeff , even if the initial and final distributions of
χeff do not appear to change (see Fig. 8). As a result,
we can safely conclude that spin relativistic precession
does not suppress the evolution of χeff in most cases. In
summary, while spin precession does take place in these
triples, since the triples are dynamically assembled, the
final χeff distribution will remain isotropic.
Recent work by Belczynski et al. (2020) comparing dif-
ferent stellar evolution models in light of the detections
of GWTC-1 has shown that the results from the LIGO–
Virgo collaboration strongly favor low natal spins. How-
ever, more recent work by Olejak et al. (2020) has shown
that GW190412 is consistent with an isolated binary
formation scenario, albeit using the older, standard as-
sumptions present in Belczynski et al. (2017). It is not
clear if isolated stellar evolutionary models alone can
consistently produce the χeff distribution in the detected
events so far. On the other hand, recent works by Ro-
driguez et al. (2020) and Gerosa et al. (2020) have shown
that it would be possible to reproduce these detections
with repeated mergers of previous merger products in
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Figure 8. Initial versus final χeff distributions for different spin models. Only KL triples are shown here. Contours show
regions containing 30% (white), 60% (orange), and 90% (red) of points. The labels correspond to the model names from Table
2. The symmetrical distribution of points in each panel shows that while the overall distribution of misalignment angles remains
the same, the individual triples still undergo χeff evolution.
extremely large clusters. This would require that BHs
are born with low natal spins, so as to retain more of the
merger remnants. Further discussion of the importance
of spin with respect to retaining merger remnants and
producing mergers with second generation black holes
will follow in §4.5.
Other formation channels lessen the sensitivity to the
assumed natal spin model. In particular, previous work
on field triples has shown that the spin evolution of these
systems can take a wide range of evolutionary paths de-
pending on initial assumptions. While the natal spin
assumptions are important, initial spin-orbit misalign-
ment and the properties of the outer orbit play as large
a role in determining the final state of the system (Liu
et al. 2019; Fragione et al. 2019c). Nevertheless, the field
triple channel tends to produce distributions peaked at
χeff ' 0 (Antonini et al. 2018; Rodriguez & Antonini
2018). Another proposed scenario involves a hierarchi-
cal 3 + 1 quadruple system, wherein the innermost orbit
is driven to merger by secular chaotic evolution and then
the merger remnant merges with another compact ob-
ject due to the eKL mechanism (Safarzadeh et al. 2020).
While the rates for these events are extremely uncertain,
this is another potential formation channel for events
like GW190412 (Hamers & Safarzadeh 2020). Simi-
larly, 2+2 quadruples could also produce GW190412-
like events (Fragione et al. 2020a). Another possibility
is through the merger of BHs in active galactic nuclei
(AGN) disks (Tagawa et al. 2018, 2019, 2020). In par-
ticular, recent work by Tagawa et al. (2020) has shown
that the spin distribution of the O1/O2 events is con-
sistent with mergers in AGN disks, while a hierarchical
merger within AGN disks could potentially reproduce
the properties of GW190412.
4.4. Merger Rate
Following the method of Rodriguez et al. (2015), the
cumulative merger rate is given by
R(z) =
∫ z
0
R(z′)dVc
dz′
(1 + z′)−1 dz′ (20)
Here, dVc/dz
′ is the comoving volume at redshift z and
R(z′) is the comoving source merger rate, where the
comoving rate is given by
R = f × ρGC × dN(z)
dt
(21)
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Figure 9. Cumulative (top) and comoving (bottom) merger rates for clusters. Blue represents the merger rate of binaries
presented in Kremer et al. (2020a). On the left, black lines show the triple mergers of this study. The solid line shows the
combined triple rate while the dashed and dotted lines represent KL and non-KL mergers respectively. On the right, black and
blue lines represent triple and binary mergers that could have a detectable eccentricity in the LVK band. Since the threshold
for detectable eccentricity is mass-dependent, solid and dotted lines are used to bracket the possibilities for different masses.
We assume that the volumetric number density of clus-
ters has a constant value of ρGC = 2.3 Mpc
−3 (Ro-
driguez et al. 2015; Rodriguez & Loeb 2018). f is an
rv-dependent scaling factor to incorporate the high-end
tail of the cluster mass function not covered in the cat-
alog. Finally, dN(z)/dt is the number of mergers per
unit time at z.
In order to compute dN(z)/dt , we compile a com-
plete list of Tmerger for each realization of the merging
triples in our sample. For each merger, we resample
their merger times by sampling 10 random host cluster
ages for each merger and define the effective merger time
teffective = tHubble − tage + Tmerger using the host cluster
ages from the metallicity-dependent age distributions of
El-Badry et al. (2019). We then bin this list of merger
times into redshift bins. We must also scale down these
rates to correct for oversampling. We divide the rates
by a factor of 1000 to account for the resampling with
respect to cluster age, triple recoil velocity, and orbital
orientation. We must also divide by the total number
of cluster models in order to correct for drawing from a
large set of cluster models, weighting all models equally
for simplicity.
The scaling factor f is included in order to ac-
count for the low-mass tail of the cluster mass func-
tion not covered by our models (consistent with Kre-
mer et al. 2020a). In practice, high-mass clusters (M &
5 × 105 M) contribute roughly four times the num-
ber of mergers compared to low-mass clusters (M .
5 × 105 M), so f ≈ 4 across different rv values. Full
details can be found in Section 9.2 and Table 5 of Kre-
mer et al. (2020a).
In Figure 9, we compare the cumulative and comoving
merger rates, finding that the triple merger rate remains
roughly two orders of magnitude less than the binary
merger rate from GCs across all redshifts. Thus, we find
a local universe eKL-assisted triple merger rate in GCs
≈ 0.35 Gpc−3yr−1. This is consistent with the previous
merger rate found by Antonini et al. (2016). The non-
KL merger rate on the other hand is ≈ 0.62 Gpc−3yr−1,
with a possible range of ≈ 0.2− 2 Gpc−3yr−1. We also
show rates for events that may have a detectable eccen-
tricity in the LVK band at design sensitivity 6. In agree-
6 Gonda´n & Kocsis (2019) showed that for the events in the
GWTC-1 transient catalog, the minimum detectable eccentric-
ity for low-mass neutron star binaries is ∼ 0.023 and can reach
∼ 0.081 for the highest-mass BH binaries. We select the range
between 0.04 and 0.06 as representative of most of the binaries
presented in this study.
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ment with the lack of eccentric events thus far (LIGO
Scientific Collaboration & Virgo Collaboration 2019c),
we find low rates ≈ 0.025 − 0.035 Gpc−3yr−1 for the
triple channel and ≈ 1 Gpc−3yr−1 for the few-body and
single-single capture channels. This should be compared
to the following merger rate estimates from the LIGO–
Virgo collaboration and from studies looking at hierar-
chical triples in the field:
• LVC rate: 9.7-101 Gpc−3yr−1 (LIGO Scientific
Collaboration & Virgo Collaboration 2019a,b)
• Field Triples: 0.14-6 Gpc−3yr−1 (Silsbee &
Tremaine 2017); 0.3-1.3 Gpc−3yr−1 (Antonini
et al. 2017); 2-25 Gpc−3yr−1 (Rodriguez & An-
tonini 2018); 0.02-24 Gpc−3yr−1 (Fragione et al.
2019c)
• Nuclear Star Cluster Triples: ≈ 1-102 detec-
tions yr−1(O’Leary et al. 2009); 0.6-15 Gpc−3yr−1
(Petrovich & Antonini 2017); 1-3 Gpc−3yr−1
(Hoang et al. 2018; Fragione et al. 2019a; Stephan
et al. 2019)
This rate should be taken as a conservative estimate,
as this study only focuses on triples composed of three
BHs. We do not analyze the other classes of triples,
which may well become BBHs with other companions,
as we are unable to self-consistently track the stellar
evolution of three separate bodies undergoing the eKL
mechanism (see e.g., Di Stefano 2020a,b).
While it is clear that KL mergers are an addition to
the previous merger rate found by Kremer et al. (2020a),
it is not clear if all non-KL mergers were included in
this previous estimate. In principle, since all of these
binaries merged solely due to GW radiation, regardless
of whether or not the tertiary companion were present,
these events have already been accounted for in the pre-
vious binary rate estimate. In §4.5, we will explain
why it is still important to keep track of triple systems
whether or not the eKL mechanism dominates the triple
evolution.
4.5. Merger Remnant Retention
When two BHs merge, the merger remnant will ex-
perience a kick due to the asymmetric emission of GW
radiation, depending on the mass asymmetry and the
alignment of the spin vectors with the binary orbital
plane (Campanelli et al. 2007; Lousto & Zlochower 2008;
Lousto et al. 2010, 2012; Lousto & Zlochower 2013). The
contribution due to the mass asymmetry takes the form
vkick = Aη
2 1− q
1 + q
(1 +Bη), (22)
where η = m0m1/(m0 + m1)
2, q is the mass ratio,
and A and B are numerically-calibrated constants, with
A = 1.2× 104 km/s and B = −0.93. The numerical rel-
ativity simulations from those same studies have shown
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Figure 10. Retention fractions of merger remnants for dif-
ferent values of vesc,eff (Eq. 23) for KL (top) and non-KL
(bottom) mergers. Black and green lines correspond to the
presence and absence of the tertiary potential. Because the
local escape speed depends on the location of the triple in the
cluster, we bracket the range of possibilities with the extreme
values r = rapo (solid lines) and r = 0 (dotted lines). While
the difference is more apparent for KL mergers due to the
compactness of the inner and outer orbits, we find that even
for non-KL mergers, the tertiary has an appreciable effect on
the retention fraction.
that merging BHs with even moderate spin greatly in-
crease the magnitude of the kick velocity, depending on
their mutual misalignment and the misalignment with
the orbital plane, reaching magnitudes of up to thou-
sands of km/s. Because all the models of the CMC
Catalog assume that all first generation (1G) BHs are
born with no spin (Fuller & Ma 2019), we elect to only
consider the mass asymmetry term in the recoil velocity.
If the kick velocity is greater than the local escape
speed, then the remnant will be ejected from the cluster.
However, if the merger happens within a triple, then the
remnant must also overcome the potential of the tertiary
body. As a result, the merger remnant must overcome
the local escape speed, which we calculate as follows:
vesc,eff = vouter + vesc − α(r)vrec. (23)
Here, vesc is the escape speed from the cluster core at
the time of merger, vouter is the escape speed from the
tertiary companion, and vrec is the recoil kick that the
triple experiences at formation. Due to the uncertainty
regarding the triple’s location within the cluster at the
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time of merger, we include a factor α(r) ∈ [0, 1] to ac-
count for the phase of the orbit and the effect of dynam-
ical friction in reducing the orbit’s apocenter (Binney &
Tremaine 2008). We define this parameter such that
α = 1 if the triple is at the apocenter of its orbit and
has experienced no dynamical friction and α = 0 if the
triple is located within the cluster core.
In Figure 10, we compare the retention fraction for
both KL and non-KL systems including and not includ-
ing the potential of the tertiary. Since we do not know
the location of the triple within the cluster at the time of
the merger, we show the range of possibilities by showing
curves where α = 0 and α = 1. In reality, the merger
retention fraction will be somewhere in between these
values. We find that including the tertiary’s potential
has an appreciable effect on merger remnant retention.
We find that for KL mergers, the fraction of retained sys-
tems increases by ∼ 10%, whereas the retention fraction
increases by ∼ 6% for non-KL mergers. The effect of the
tertiary is much more pronounced for KL-induced merg-
ers since the orbits are more compact. We note that the
solid green line in the bottom panel is equivalent to the
merger remnant retention fraction for the binary merger
channel, as it corresponds to mergers in the cluster core
without a tertiary companion. From this, it is clear that
triple systems enhance the number of 2G BHs retained
in the host cluster.
These results are extremely interesting in light of the
recent detection of GW190521 (The LIGO Scientific Col-
laboration & the Virgo Collaboration 2020a), a merger
event with a total mass of 150 M, whose components
could be second-generation BHs. Many studies have dis-
cussed the frequency and importance of successive merg-
ers with 2G and higher BHs in massive clusters such as
GCs, super star clusters, and nuclear star clusters (Ro-
driguez et al. 2019; Antonini et al. 2019; Fragione & Silk
2020; Gerosa et al. 2020; Rodriguez et al. 2020; Sams-
ing & Hotokezaka 2020). Mergers involving 2G BHs are
expected to be more massive, potentially falling within
the mass range ∼ 46−133 M, the so-called upper mass
gap, where no BHs are expected to be formed due to pair
instability supernovae (Woosley & Heger 2015; Woosley
2017, 2019). As a result, if any BH mergers are de-
tected with a component in the upper mass gap, the only
way they could have been formed is through prior stel-
lar mergers or successive mergers of BHs (Di Carlo et al.
2019b; Fragione & Silk 2020; Kremer et al. 2020b). This
possibility has been recently confirmed with the detec-
tion of GW190521, which is consistent with a dynamical
origin (LIGO Scientific Collaboration & Virgo Collabo-
ration 2020b). Second, it is expected that a 2G+1G
merger will have very asymmetric masses. Mass segre-
gation in globular and higher-mass clusters causes bina-
ries to form primarily between two low-mass members.
Since it is unlikely that there will be more than one 2G
BH in a cluster at any time, the 2G BH will necessar-
ily form with a 1G BH of much lower mass (Rodriguez
et al. 2019). Rodriguez et al. (2019) has shown that,
when assuming BHs have no natal spin, 2G+1G merg-
ers typically contribute ∼ 20% of detectable mergers
from GCs while 2G+2G mergers only contribute a few
percent. Thus, keeping track of successive mergers is
important to understand the true mass and mass ratio
spectrum from GCs. It is also worth noting that since
the LVK detectors are more sensitive to more massive
BHs, mergers involving 2G or higher BHs will make up
a larger fraction of the detected BHs.
In addition to the mass gap, Baibhav et al. (2020) has
described the existence of the “spin gap” in the context
of successive mergers. If two BHs are non-spinning at
birth, the only way to form a BH where one or both
components have high spin is through successive merg-
ers. Even if BHs are born with some natal spin, stud-
ies by Berti & Volonteri (2008); Gerosa & Berti (2017);
Fishbach et al. (2017) have shown that, regardless of the
model of natal spin of 1G BHs, the spin distribution of
mergers involving 2G BHs peaks at χ ' 0.7. Successive
mergers would be the only way to form very high χeff
mergers, requiring the dynamical assembly of binaries.
Constraining the rate of higher-generation mergers us-
ing observations populating the upper mass gap and the
“spin gap” will be important to disentangle the isolated
field formation channel from the dynamical formation
channels. Since 2G+1G and 2G+2G events are not ex-
pected to make up a large fraction of detections, it is
crucial to accurately constrain the rates of these events.
4.6. Direct n-body versus Secular Integration
At the most extreme eccentricity maxima of the eKL
oscillations, the system may enter a dynamical regime
wherein the secular approximation breaks down (An-
tonini & Perets 2012; Antonini et al. 2016; Fragione et al.
2019a). Furthermore, some systems close to the stability
limit may also have angular momentum changes faster
than the orbital period of the inner binary (Antonini
et al. 2014). In this regime, the secular equations of
motion could no longer describe the system correctly,
thus necessitating a direct n-body integration of the or-
bits. Antonini et al. (2016) and Fragione et al. (2019a)
demonstrated that using an n-body code instead of a
secular code for the same sample increased the total
number of mergers and increased the fraction of merg-
ing systems entering the LVK frequency band with a
finite eccentricity. We confirm these results by simulat-
ing a small number (∼ 100) of the merging systems using
a direct integration with ARCHAIN7 (Mikkola & Merritt
2006, 2008; Chassonnery et al. 2019).
In Figure 11, we show an example of the dynamical
evolution of one such system until merger. The sys-
tem shown on the left is semi-hierarchical with aout(1−
7 We use the version of ARCHAIN available at the following URL:
https://arxiv.org/abs/1910.05202
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Figure 11. Two examples of triple systems from our sample integrated with secular (blue) and direct n-body (orange) codes.
We show (top) eccentricity and (bottom) semimajor axis evolution of the inner binary. The left example shows a worst case,
semi-hierarchical scenario while the right example shows close agreement between the two methods. Less hierarchical systems
such as the one shown on the left may merit the use of n-body codes to accurately model the system.
eout)/ain ≈ 12.7 and the value of the octupole parame-
ter is  = 0.0034. Since the system is semi-hierarchical,
during certain points in the eKL oscillation, the change
in angular momentum of the inner binary happens on
a timescale faster than the outer orbital period. This
translates to the following numerical condition on the
separation between the inner and outer binary (Eq. 9
of Antonini et al. 2016):
aout(1− eout)
ain
. 3
1 + eout
(
m2
mbin
)2/3(
mbin
mtrip
)1/3 ( ain
109 cm
)1/3
.
(24)
In this case, the condition is satisfied. As a result, the
secular integration will not be able to reproduce the
most extreme peaks of the eccentricity oscillations. In
both the secular and the n-body integration, with each
peak in the eccentricity oscillation, the semimajor axis
decreases by a small but appreciable amount. However,
while the two different numerical methods show agree-
ment during the first two eKL oscillations, the center
panel shows that the semimajor axis begins decreas-
ing more rapidly in the n-body integration, implying
a larger peak in eccentricity compared to the secular
integration. Each successive eccentricity oscillation ac-
celerates the divergence of the results between these two
methods. While the secular integration shows a gradual
decline in ain as GW radiation begins to dominate, the
direct n-body integration shows the inner binary merges
in about half the time compared to the secular integra-
tion. Furthermore, we find direct integration indicates
an eccentricity of ∼ 2×10−3 at 10 Hz versus ∼ 7×10−4
from the secular integration.
On the other hand, the system shown on the right is
more hierarchical, with aout(1 − eout)/ain ≈ 30.5 and
Eq. 24 is not satisfied. As such, there is much better
agreement between the two numerical schemes.
To summarize, using an n-body integration method
instead of a secular integration method increases the to-
tal number of mergers and the fraction of merging sys-
tems entering the LVK frequency band with a high ec-
centricity (e.g., Antonini & Perets 2012; Antonini et al.
2016; Fragione et al. 2019a), which we have confirmed
by simulating a small sample of our triple systems. In
light of this and also due to the large computational cost
from the number of systems requiring integration, we
choose to primarily restrict ourselves to using a secular
code. Finally, we note that there some issues may arise
with incorporating the conservative post-Newtonian ef-
fects into n-body simulations, since the Newtonian en-
ergy is no longer explicitly conserved in this approxima-
tion (see e.g. Fig. 2 of Rodriguez et al. 2018). As a
result, the incorporation of the post-Newtonian effects
could introduce an increase in energy during the peri-
center passage. In hierarchical triples, this could cause
the triple to move further into the chaotic regime and
increase the amount of GW emission, possibly changing
the inspiral waveform.
5. CONCLUSIONS
As hundreds of GW detections are expected in the
coming years, it is important to understand the unique
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properties each merger channel imprints on the merging
binary population. In this study, we examined the role
of hierarchical triples in GCs and their contribution to
the population of merging BBHs using the CMC Cluster
Catalog from Kremer et al. (2020a). We studied the
properties of the merging sample that could be used to
discriminate between this and other merger channels,
in particular focusing on the eccentricity, masses, and
spins compared to binary mergers from the same cluster
models by numerically integrating the secular equations
of motion of the triples.
We find a conservative local universe merger rate of
∼ 0.35 Gpc−3yr−1 for KL mergers, compared to a binary
merger rate of ∼ 20 Gpc−3yr−1 from the same cluster
models. We also find that ∼ 3% of the previously re-
ported binary merger rate from GCs may take place in
non-KL triple systems.
In agreement with previous studies, we find that eKL-
induced mergers exhibit high eccentricities, which may
be detectable by LVK at design sensitivity. We once
again emphasize that much previous work has been done
to show that numerical methods relying on the secu-
lar approximation underpredict the eccentricity of merg-
ing systems (Antonini et al. 2016; Grishin et al. 2018;
Fragione et al. 2019b). Thus, while our sample shows
that only a small number of systems would be eccen-
tric within the LVK band, we expect that many more
systems would merge with detectable eccentricity than
our results suggest. In addition, we show that a signif-
icant fraction of the triples produced by GCs will have
high eccentricity in the LISA frequency range. Works
by Randall & Xianyu (2019); Hoang et al. (2019); Deme
et al. (2020); Emami & Loeb (2020) have shown the po-
tential for LISA to be able to detect the peaks of the
eKL oscillation. We also find that, since GW radiation
is efficient in reducing the eccentricity of merging bina-
ries, sub-Hz detectors such as the proposed DECIGO
detector (Kawamura et al. 2011) will be crucial to un-
derstand the contribution of GCs to the merger rate (see
also Samsing et al. 2020). Note, that due to limitations
of the CMC code, we are not including effects from weak
secular interactions that otherwise have been shown to
both increase the BBH merger rate and give rise to dy-
namics similar to those of eKL interactions, including
orbital spin-flips, and eccentricity excitations (Samsing
et al. 2019; Hamers & Samsing 2019, 2020).
We find very close agreement between the mass
and mass-ratio distributions of binaries merging with
and without triple companions, demonstrating that
these distributions are primarily shaped by the binary-
mediated dynamical interactions within the cluster.
Similarly, we find that, since the binaries and triples are
dynamically assembled, the effective spin distribution
from this channel is almost entirely determined by the
natal spin function. As a result, mass and spin are not
smoking guns of a triple-induced merger in a dynamical
environment.
We find that mergers within triple systems will en-
hance the number of retained second generation BHs in
GCs as long as first generation BHs are born with neg-
ligible spin (Fuller & Ma 2019). More importantly, this
result holds for all mergers in triples, whether or not
the binary was driven to merge by the eKL mechanism.
Baibhav et al. (2020) has shown that successive mergers
are a key distinction of dynamically-assembled merging
binaries.
Hierarchical triples are expected to be an important
channel for producing LVK sources, as well as sources
for future detectors. Our results show that while triples
contribute a small fraction of mergers from GCs, the
detection of even a single triple merger will be very sig-
nificant due to its probability of having a detectable
eccentricity in the LVK frequency band. We leave it
to a future study to see how sensitive these results are
to different assumptions such as the primordial binary
fraction or the value of the hard-soft boundary. Further-
more, as we have shown that triple mergers can poten-
tially increase the number of retained second-generation
BHs, we hope to successfully implement a self-consistent
treatment of triples in CMC.
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